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Abstract

Let K be a number field and p | (2) be a prime ideal. We compute the fourth level of the p-adic
completions of K when the ramification index is 4 and the inertial degree is trivial for the ideal p.
This enables the computation of lower bounds for the fourth level of any number field of degree 4,
provided that the integral basis is known. Here we apply this result to biquadratic number fields and
obtain lower bounds for the fourth level of such number fields.

1 Introduction

Let K be a field. We define the fourth level of K, denoted by s4(K) as the smallest positive integer g
such that x{ +z3 +- - -+x§ = —1 is solvable in K. Of course, such g may not exist, in this case we put
$4(K) = oo. Usually, finding lower or upper bounds on s4 is a hard and technical task. This problem
seems to be of similar difficult as that of computing the Waring numbers (Pythagoras numbers) of a
field (cf. [5]). In general, the Waring number wy(K) is the smallest positive integer g such that any
sum of dth powers can be expressed as a sum of at most g dth powers. Of course such number may
not exist.

There is a close connection between the levels of a field and its Waring numbers. Assume that
characteristic of K is 0, then

wn(K) <nG(n)(sp(K)+1).

Here, G(n) is the big G function in the classical Waring problem (see [5] for some of the recent
developments on the Waring problem in various cases).

Here, we will be interested in finding lower bounds for s4(K), where K is a biquadratic number
field K = Q(y/m, /n) for some integers n, m. Our goal is to generalize results from [8], where similar
problem was considered for quadratic and cubic number fields.

For an algebraic number field K let K, denote the p-adic completion of K at a prime ideal p of
Ok - the ring of integers of K. We refer the reader for more information about completion to [2,
Chapter 7]. In particular p-adic completion of K is constructed in a similar fashion as Q, from Q.

Denote by s = s4(K) the fourth level of K. It is the smallest positive integer such that xf + - - +
ri 41 = 0 is non-trivially solvable (moving ;1 to the other side and dividing by it gives the former
phrasing). In [8] it has been proven that if zf +---+ 2%, | = 0 is solvable in K, then it is also solvable
in O (the ring of integers of K) and for any prime ideal p of K there exists an index i € {1,...,s+1}
such that p{z; (i.e. z; € p).

Define e = e(p) to be the ramification index of p and f = f(p) be the inertial degree of p. Because
K C K, we have that s4(K,) < s4(K) is a lower bound for s4(K’). Let us discuss the use of Hensel’s
lemma in the problem. Denote by v, the p-adic valuation of Kj. Hensel’s lemma says that for a
polynomial f(z) € K[z if there exists a € K, such that 2v,(f'(a)) < vy(f(a)), then there exists
z € K such that f(z) =0

We will often make use of the following notation. For a prime ideal p and element z € Ok we
write p¥ || = to denote the case where z € p* but z ¢ p**!. Equivalently, we will sometimes write
vp(z) = k.



Consider a prime ideal p | (2). It’s ramification index e is the number such that p¢ || 2. It turns
out that s = s4(K,) is the smallest positive integer such that z} + --- + z2,; = 0 (mod p***1) is
solvable with p t z1. To see this notice that finding solutions to f + --- + z%,; = 0 is the same as
finding roots of a polynomial f(z) = 2%+ 23 + - + 21, | € Ky[z] where zo,..., 2541 are constant.
This enables us to use Hensel’s lemma and get that if f(z1) =0 (mod p#**!) for some p { 21, then we
have p%¢ || f/(z1) = 43, because p { x1 and p?© || 4. Now vy(f(21)) > de+1 > de = 2v,(f'(x1)), so by
Hensel’s lemma there exists a solution to 2} + --- + z,; = 0 in K,. Hence s4(Ky) = s4(Og /pte™).
Now, computing s4(Of /p**1) is a matter of checking finitely many cases, because O /p*t!
finite ring. As the last part, let us discuss why we are interested in ideals which divide (2). Let us
choose a prime ideal p 1 (2). We do the same Hensel’s lemma as before, but this time we will get that
s = s4(Kp) is the smallest number such that 2f + -+ + 22, | =0 (mod p) has a solution with p { z;.
To see this we define f(z) as before. Now vy(f(z1)) > 1> 0 = 2v,(423) = 2v,(f'(21)), because p { 23
and p 14, so by Hensel’s lemma s4(K}) = s4(Ok /p) for a prime ideal p { (2). Now because Ok /p is a
finite field we have that Ok /p = F

is a

ot > but s4(Fpa) has been computed in [7]:
1if p* = (mod 8) or if p =2,
3 if p® = 29,
S DRTR

2 otherwise.

So basically almost always we get 1 or 2, which is not a very good lower bound. In order to cal-
culate s4(K},) using the introduced method, we need to know how the ideal (2) factorizes. For
K = Q(y/m,/n) with m,n € Z we will first calculate s4(K}) depending on the factorization of (2).
In particular, we discuss all possible cases with ef < 4. Then, using the fact that we know how does
the integral basis look like, we will determine the factorization of (2) in K. Idea of our proofs follows
the idea of [8]. However in the degree 4 situation is much more complicated.

We finish this section with recalling facts from the paper [8]. Let K/Q be a biquadratic extension.
It is normal, hence Galois extension of degree 4. In this case (2) = p{pS---pSand 4 =[K : Q] =r-e- f
(this follows from [6, Theorem 21]). This gives the following possibilities.

1. r=4 = (2):p1p2p3p4 = €:f:1.
2.r=2 = (2)=pip2 <= e=1,f=20r (2) = (p1p2)? < e=2,f=1
3.r=1 = (2)=p <= e=1,f=40r(2)=p? <= e=2,f=20r (2) =p* <= e=
4, f = 1.
Additionally, since the extension is Galois, the rightmost conditions for e, f apply to every ideal in a

factorization. Let p be a fixed prime ideal with e = e(p) and f = f(p) which divides (2) in K.
Let us now recall three facts (see [8]) corresponding to e < 4, here s = s4(K})

Theorem 1.1. We have an equivalence e = f =1 <— s =15.
Theorem 1.2. If f is even then s < 2. If s=1 then 4 |e.
This theorem implies that s = 2 for the casese=1,f =2;e=2,f=2ande=1,f =4.

Theorem 1.3. Lete =2, f =1. Let 7 be any element of Ok such that p || © (i.e. m € p\ p?).
Then

{6 if ™ =2 (mod p*)

4 otherwise.

Here is the outline of the paper. In the next section we compute the values of the fourth level of the
p-adic completion of a number field K in the case where the ramification index of p is equal to 4 and its
inertial degree is trivial. This provides the first main result of the paper, as this is the generalization
of results from [8] where similar problems were considered. Section 3 contains application of our main
theorem. In particular, we compute the factorization of (2) for biquadratic number fields and compute
the fourth level of the completions. This constitutes of our second result. We finish the paper with
remarks which may stimulate further research.



2 Main result

In this section we will calculate s = s4(K,) in the case (2) = p*. This is the first result not covered
by [8] and constitutes the first main result of our paper.

Let 7 be an element of O such that p || 7 (i.e. 7 € p\ p?). We will make a frequent use of
following fact: if f = 1 then for p¥ || @ and p¥ || b we have p¥*! | @ + b. This follows from the fact
that p?/p?*! = O /p = Fy.

By the Hensels Lemma, s is the smallest number such that f + --- + 23, = 0 (mod p**!)
is solvable with p t 1. In [8] it was proven that the exponent 4e + 1 can actually be replaced by
3e + 1. This is useful, because we only need to compute s4(Of /p*T1) = s4(Ok /ptT) = s4(Ky).
Additionally, O /p3**! has strictly fewer elements than O /p#¢*!. Let us start with following lemma

Lemma 2.1. Lete > 1 and f = 1. If z =y (mod p®) then z* = y* (mod p3¢+1).

Proof. We have z* —y* = (z—y)(z+y) (2% +3?) = 0 (mod p3¢). This is because p¢ | z—y, z+y, 22 +y>.
If 2*—y* # 0 (mod p3**') we must have p¢ || z—y, 4y, 22+y>. This yields p*! | (z+y)—(z—y) = 2y
or p | y. We now have p¢*2 | (z — y)(x +y) + 2y = 22 + y?, a contradiction. O

The above lemma allows us to easily verify all the possible cases. For the rest of this section, we
put e =4 and f = 1. We can assume that the values of x; which are not divisible by p lie in

{1, 741, 2+, P+, 7+ 41, 7+ 7 +1, P+ 7+ 1L, 7+ + 70+ 1}, (1)
the values of x; for which p || z; lie in
{r, 74+ 7% 74+, 7+ 72+ 73}, (2)

the values of x; for which p? || z; lie in
{r% 7%+ 73}, (3)

and the values of x; for which p3 || z; lie in
{r’}. (4)
We do not care about values of z; for which p* | z;, because their fourth powers vanish modulo p'3.

For the remainder of this section, our aim is to find the smallest number of fourth powers of the
elements from the above sets, which we need to add up to get 0 modulo p'3. To accomplish that, we
will eventually split into cases of positive integers o such that p* || 74 4+ 2. We know that p* divides
both 74 and 2 and furthermore p® does not divide 7% and 2. We conclude that p® | 74 + 2 and hence
a > 5. Eventually, our aim is to consider all cases a = 5,6,...,13. Some facts however, can be done
for more cases at once.

It is important to note that a sum of fourth powers in which an odd number of fourth powers is
not divisible by p, cannot be 0 modulo p3¢*! (by f = 1, a sum of two not divisible by p elements is
divisible by p, hence modulo p a sum with an odd number of such elements is not 0). In order to use
Hensel’s lemma we only need to consider sums of fourth powers which have at least one fourth power
not divisible by p. Let us define a good sum to be a sum of fourth powers, in which there is an even
and nonzero number of fourth powers not divisible by p.

Lemma 2.2. If p° || 74 +2 or p” || 74 + 2 then s > 2. If p® |/ 7 + 2 then s > 1.

Proof. We will first prove that s # 2 in the first two mentioned cases. To prove this, we will consider
all possible fourth powers modulo p®. A fourth power of an element divisible by p?, will vanish modulo
p®. We will only check what are the fourth powers of elements from (1) and (2) modulo p8:



Hence, all the possible nonzero remainders of fourth powers modulo p® are:
{1, 74, ™ +2r2 +1}.

Having this, we can see that sums of any two not divisible by p remainders from the above set
(either 1 or 7¢ 4 272 + 1) with one reminder divisible by p (either 0 or 7*) modulo p® are

{2, 7 +2, 277+ 2, 7 + 277 4+ 2}

Now, provided that p® or p” || 7¢ + 2 we can see that the above remainders are nonzero modulo
p®. This is because p? || 2 and p® || 272. Hence s > 2 in those two cases.

As for the case p® |f 74 4 2, we see that the sum of two not divisible by p fourth powers will be
either 2 or 7% + 272 4+ 2 modulo p®. Hence, in order to have s = 1 we have to have 74 +2 4272 =0
(mod p®), but because p° || 272, we must also have p° || 7% + 2, so the conclusion follows. O

Lemma 2.3. Ifp° || 74 4+2 or p'2 || 7% 4+ 2 then s > 2.

Proof. By the previous lemma we already have s > 1. To determine that s # 2 in those two cases,
we need to consider every good sum of three fourth powers of remainders from (1), (2), (3) and (4).
This time computation will be conducted modulo p3¢*1 = p'3. Below we present a list of possible
remainders modulo p'? of fourth powers which will be of interest for us.

P+ ) =712 4275 1473 41,

T+ 4+ 1) =78 4270 4 370 4 272 47 41,

T4+ 1) =712 4270 74 1 672 47 41,

B D)= 4270 port 4 4?41,

T4+ 4+ B3+ DA =2 -8 1 30t 43 272 4 47 41,

14=1,

(T+ 1) =7 +413 + 672 + 47 + 1,
(FPP+ 1) =78+ 61 +4r% +1,
(3

(

o~~~

=714

(r+7)4 =718 4276 + 74,
(r+73)4 =714,

(r+72+ 734 =78 4270 4 14,
(r2)* = 78,

(7_2 + 7_3)4 = 7_12 4 7_87

(r3)* = 712,

Now we need to consider every remainder modulo p'? which is given as a sum of three remainders
from the above (not necessarily distinct) following the rule that two of the remainders are not divisible
by p and one is. First consider what happens if we add two same remainders not divisible by p:



(T+1)4 21t 4 472 + 2,
2(72+1)452,

2(7’3—1—1)45 ,

20r+ 2+ )t =21t + 472 4+ 2,
2(T+T3+1)4E2T4+4T2+2,
2(72 + 73 + 1)4 =2,

2T+ + P+ 1) =27 4472 4+ 2

so the only remainders modulo p'? are {2, 27% + 472 4+ 2}. If to any of these elements, we add a
fourth power divisible by p, to obtain 0 modulo p'3, this fourth power must be in p* \ p>. This is
because the two elements in the above set are in p*\ p>. Now, we are adding an element from the set
{74, 78 + 275 + 74} to an element from {2,27% 4 472 4 2} and we obtain the following possibilities:

™+2, (1 +2), 24477+ (7 +2), (P2t + 1) +2)

modulo p'3. By assumption on 74 4 2, none of them vanish modulo p'3. To make it clear, let us
discuss the element 274 + 472 + (7% + 2). It is nonzero, since p® || 27* and both 472 and 7* + 2 are
divisible by p?. Hence the element in question is in p® \ p? and it does not vanish modulo p*3. This
proves that we cannot get 0 modulo p'® by a good sum of three fourth powers in which the two fourth
powers not divisible by p are the same.

As a next step, let us consider sums of two distinct fourth powers not divisible by p modulo p'3

T+1)4—7’ +47’ + 672 + 47 + 2,
T 1) =78 4+ 67 +472 42,

) =712 4278 443 42,
T+724 )4—7' + 276 +37‘ +27‘2+4T—|—2,
7'+7' +1) =72 4270 471 + 672 + 47 + 2,
2473 —|—1)4—T + 278 4+ 27 4473 + 472 + 2,

+(
+(7?
+(7°
+(

+(
+(7?

T+ D)+ (r+ 2+ B+ D) =2 8 205 143 2
PR+ 3+ D) =2 2 4 672 4T 2.

14—|-(7'—|-T + 73 —|—1)4: 12 4 78 4 374 4413 + 272 + 47 4+ 2,
T+ )+ (P + D) =+ 7t + 43 4 272 4 47+ 2,
(T+1)4—|—(T3+1)45712—|—2T6+T4+672+4T+2,
(T+1)4+(T+T2+1)4ET8+2T6+4T4+4T3+2,

T+ '+ (2 + D) =12 4275 4270 473 + 472 + 2,
T+ + (243 + 1) =8+ 270 4 37 + 272 + 47 + 2,
T+ 4+ 4+ +2+ D) =842,

(P+ D)+ (P + 1) =712 4 78 4276 4 670 473 4 472 4 2,
(PP+ D)4+ (r+ 2+ D)4 =2r8 + 275 + 74 + 672 +- 47 + 2,
(D) (r+ P+ D) =12 8 270 Tt 277 47 42,
(P + 1)+ (P2 + P+ ) =28 4270 1 473 4 2,

(PP+1) +(r+ 2+ + D) =7+ 43 + 672 + 47 + 2,
(T3+1)4+(T+7’2+1)4E7'12+7'8+37'4+47'3+27'2+4T+2,
(TS+1)4—|—<T+T3—|—1)4ET4+4T3—|—67’2—|—47’—|—2,
(PB+D)+ (P2 + B3+ D) =72 8 4274 1472 4 2,
(T3+1)4+(T—|—T2+7’ + D)4 =78 4270 + 374 4272 + 47 + 2,
T+ + 1)+ (r+2+ D) =842,

(T+72+ D)+ (12 + 73 +1)4:7' + 473 + 672 + 417 + 2,

T+ + 1)+ (r+72+ 3+ D =112 1270 274 43 4 472 4 2,
T+ + D)+ (PP + D) =712+ 8 437 1 408 272 47 2,
(

(

After removing any duplicates we get the following remainders:



4+ 473 + 672 + 47 + 2,

8 41276 4 374 4272 + 47 4 2,
7'12—|-2T6—|-7'4—|—67'2—|—47'+2,
248 43t 4 4272 + 47 4+ 2,

712 4276 4473 4+ 2,

T2 4270 427 4 47 472 4 2,
8 4+ 2,

248 L ort 442 4 2,

84276 4274 4 473 4472 + 2
12 478 1276 4473 4 2.

Let us now add a fourth power divisible by p to the above elements. First four remainders will not
be 0 modulo p'3, because pb || 272 and any other summands which can possibly cancel out 272 in the
combined sum of three fourth powers are 7 and 2, which are the only elements not divisible by p”.
However, when those two elements are added, they are divisible by p? by assumption. Consequently,
the term 272 cannot be reduced in any way.

The next four remainders can vanish only if p!° || 7 +2 or p® || 74 +2. To see this, note that they
have an even number of 74. To cancel out the 2, the fourth power divisible by p, which we are adding
must then have an odd number of 7%. Hence it is either 7% or 78 + 275 + 7. Now adding them and
reducing the good sums of three fourth powers modulo p'! gives the following:

270 + (71 +2), PP+ (7 +2), 27+ (71 4 2), 270+ (F + 1)(7 + 2)

and they can be 0 only if p'® || 7 +2 or p® || 74 + 2. To simplify the above, we used the fact that
270 + 472 =0 = 27° = 472 (mod p'!), which follows from p'¥ || 276, 472,

The last two remainders can be 0 only if p'! || 74 +2 or p8 || 7 + 2. Again, we get that the
divisible by p fourth power that we are adding must be either 7% or 78 4+ 27% + 74, Hence we obtain
following elements modulo p'?:

473 + (T4 + 272 + 1)(7’4 +2), 473 + 472 + 274 + (7'4 + 2), 43 + 278 + 8 + (7'4 +2), 413 + (74 +2),
so the result follows. O
Lemma 2.4. If p” || 72 +2 or p? | 71 + 2 then s > 3 as long as p'3 { 712 + 473 + 2(7% + 2).

Proof. By the previous lemmas, we already have s > 2. To prove that s > 3 we need to consider all
good sums of four fourth powers. Before we start the proof, let us make some reductions. Note that
270 + 472 =272(74 +2) =0 (mod p3) and 0 = (74 +2)2 = 78 + 47 + 4 (mod p!3) = 8 +4 =
47 = 712 (mod p'3). Recall now all the possible remainders given by a sum of two not divisible by
p fourth powers:

T4 473 + 672 + 47 + 2,

8+ 278 4 374 4+ 272 + 47 + 2,

712 4276 4 74 1 672 + 47 + 2,

T2 4+ 8 4374 4473 + 272 + 47 4 2,

2’ )
2t + 472 4 2,

12 4276 4473 4 2,

T2 4270 4274 447 472 42,
842

248 port 4402 4 2,

84+ 276 4274 4473 4 472 4 2,

12 478 4276 4473 4 2. J




They are split into two parts. Part A contains the remainders which have an odd number of 7%
and not divisible by 4 number of 72. Part B has remainders with an even number of 7* and divisible
by 4 number of 72. By assumption, we have p” | 7* + 2, hence all the elements of A are in pb \ p”
(because p° || 272) and all the elements of B are in p* \ p® (because p* || 2).

Below we list every possible remainder modulo p'3, which is achieved by summing two fourth
powers divisible by p (not necessarily distinct):

8, 2rt, 24904 120 FR24 80 8076004 F12 4 28 4 c

All the above elements are congruent to 0 or 74 modulo p®. Hence, after adding them to any of
the remainders from A, we will get an element which is in either p® \ p” or p* \ p°.

Let us now examine the set B. Because those remainders are in p* \ p®, the remainder from C
which we are adding have to be in p* \ p®, for the total good sum to be congruent to 0 modulo p'3
This leaves us with six elements from C — those which have an odd number of 74.

All the remainders from B, considered modulo p'° are in {2, 27* + 2, 78 + 2}. We used here
the fact that pl® | 78 + 274 = 74(7* + 2). Similarly, remainders from C with an odd number of 7*
are congruent to either 7* or 74 + 78 modulo p!°. Hence, their sum modulo p'? is in {74 + 2, 78 +
(4 +2), 21t + (74 +2), (7* + 1)(7* +2)} and none of them is congruent to 0 modulo p'® under the
assumptions of lemma.

To finish the proof, it is enough to check sums of four not divisible by p fourth powers modulo p'3
It is helpful to view such sum as a sum of two good sums of two fourth powers, as we know what are
the possible remainders of good sums of two fourth powers. Let us see what happens when we add
two same sums of two fourth powers. For this we will multiply by 2 the elements from the sets A and
B. By doing this we see that the set of possible remainders is {4, 7'2 +4, 27% 4 472 4 4} and none
of those remainders are congruent to 0 modulo p'? (for the last one note that p'® [y 2(74 + 2) by the
assumption).

If we add an element from A to an element from B, the resulting element will not be congruent
to zero modulo p'3. Elements from A are in p® \ p7 and elements from B are in p* \ p°, hence their
sum is in p* \ p°.

Consider now sums of two different elements from A:

(TP 43 + 672 + 47 +2) + (T8 + 270 + 37 + 272 4 47 + 2) = 712 + P8 4 270 473 1 4,

(Y44 + 672 + 47+ 2) + (T2 + 270+ 7 + 672 + 47+ 2) = 712 + 270 + 270 4 473 + 4% 44,

(7% +47° 4 67 +4T+2)-‘r(7’12+’7’8+3T4+47'3+27'2+47'+2)ET8+4,

(T8 +270 4370 + 272 + 47 + 2) + (72 + 270 4 71 + 672 + 47 + 2) = 75 4+ 4,

(7% +27° +3r + 272 474+ 2) + (T2 4+ 72 + 37 + 473 4 27% + 47 4+ 2) =712 4 270 4 270 4+ 47B 4 4 44,
(T2 4270 7t 4672 + A7+ 2) + (TR + P+ 30 A 272 Ar 4 2) = T2 4 PR 270 4 48 4

After removing duplicates and using properties proved at the beginning of the proof to simplify
expressions, we are left with remainders: 276 + 473, 712 4274 + 473 + 4, 712, The elements 275 + 473
and 712 are not congruent to 0 modulo p'3, and the remainder 712 + 274 4 473 4 4 is assumed not to
vanish modulo p'3. The last element can actually vanish sometimes, namely, it is zero modulo p'?
p7 || 74 42 and p'2 || 473 + 2(7* + 2). We are left with sums of two different elements from B:



+ @244 +2) =27 + 472 +4

+ (124275 + 473+ 2) =712 + 275 4 473 4 4,

+ (712 4 276 +27’ +AT3 412 4 2) = 712 41 275 4 27 4 473 472 14,
+ (8 +2)=78+4,

+ (T2 4 8 4274 + 412 +2)_712+T —1—27 + 472 4+ 4,

+ (P20 + 27 4+ 4 + 2) = 4 270 27 4 4 4% 4 4,
(7'12—1—7' +270 1413 4 2) = 7'12—|—7'8—|—27'6—|—47'3—|—4,

+ (712 4+ 276 4+ 453 +2) = 12 4276 4 27 473 + 472 1+ 4,
+ (T2 + 270 4 27t + 473 + 47?4 2) = 270 + 478 1 4,

274 + 472 4+ 2) + (
(
(8 +2)_7' + 274 + 472 +4,
(7
(r°

274 + 472 +2) +

27t + 472 4 2) +

274 4472 +2) + (T2 + B 2rt 4 42 + 2) = 18 4 4,

274 + 472 4 2) + (P8 4270 27t + 43 + 42 1 2) = 72 4 8 4 270 1 43 1 4
+( 124 -8 +27‘6+47'3+2) 12 478 4276 27t 4 473 4 472 4 4,

712+2T +27% 4+ 473 4 472 +2)—27 + 472 + 4,

T +2) 12478 4276 4 473 4 4,

(

(

(

(

(

(274 4+ 472 4+ 2)
(712 + 275 + 473 + 2) + (

(712 4+ 275 + 473 4+ 2) 4 (78

(712 + 270 + 473 + 2) + (712 4 78 + 270 + 472 +2)_r + 270 + 27% + 473 + 477 + 4,

(T2 4270 +47° + 2) + (1° + 270 + 271 4478 + 472 4 2) = 712 4 78 4 270 47?4 4,

(712 +27° 4473 +2)+(712+r + 270 + 473 +2) = 78 44,

(T2 4278 427 443 442 + )+ (PB4 2) =72+ 8 270 4 27t 1 43 4 472 4,
(7124278 4127 443 + 472 4+ )+ (T2 4+ 8 427 + 472 +2) = 712 4 18 1270 4 473 1 4,
(7'12—1-27 + 27 A3 AT 2) (PP 270 27t 43 472 1 2) =78 4,

(712 4+ 276 + 274 4 473 + 472 —|—2) + (T2 484270 43 4 2) =78 21t 4 472 4 4,

(7' —|—2 (T2 + 78+ 27t + 472 4+ 2) =274 + 472 - 4,

(78 ) (8+276+274+4T3+472+2)5712+276+274+47’3+472+4,

(8 —|—2 (7’12—1—7' +275 +473 +2) =270 + 473 4+ 4,

(T2 48427 42 4+ )+ (PB4 278 + 27 + 43 + 472 4+ 2) = 712 1 275 4 473 14,
(712 + 78 + 274 + 472 +2)—|—(7’12+7'8+27'6+47'3+2)5712+276+274+473+472+4,
(T8 +2r0 4+ 274 + 43 4+ 472 + 2) + (T2 + B 4+ 270 + 473 4 2) = 270 + 412 + 4.

After removing any duplicates and simplifying as before, we are left with following elements:

24 + 472 4 4, 712 4 276 4 473 4 4, 712 4 274 4413 4 4, 7'12, 24 + 47'27
7124974 4 47’3, 276 + 473, 276 4 473 4+ 4, 124 904 4 472, 274 + 473,

We see that the only remainder which can vanish modulo p'? is the already mentioned element
712 4 473 4 2(7* 4 2). This finishes the proof. O

We may now state the main result of this section.

Theorem 2.5. Assume that (2) = p*, and let 7 € p \ p2. Then the fourth level s = s4(K,) is equal
to:

iff pl3 | 712+ 78 + 275 + 473 +4

4 iff p13 | 78 + 270 + 473 + 4

5iff p!3 | 78 + 473 + 472 +4

6 iff pB3 | 712 + 78 4473 + 472 +- 4

1 iff at least one of {A;, As, A3, A4} is divisible by p'3

2 iff at least one of {Al,Ag,Ag,A4} is in p'2\ p'3
or at least one of {A; + 78, Ay + 78, A3+ 78, A4+ 78} is divisible by p'2

3 otherwise

if p° || 7* 4 2 then s =

if pb || 7442 then s =

A =473 + 472 41+ (74 + 272 4+ 2),

Ay =47 + (TP + 1) (74 + 212 + 2),

Az =41+ (7" + 212 4+ 2),

Ay =43 + 472 + 41+ (T + D (71 4272 + 2).

where:
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if p || 7 + 2 then s = {3 ifp'? | .712 AT 27"+ 2)
4 otherwise

(2 iff at least one of {(78 + 74 +2), 472 + (3 + 74 + 2),

T2 p4rd g (78 74 1 2), 712 4 478 4 472 4 (78 4 74 4 2)) s divisible by p'®
if p® || 7842 then s = { 3 iff at least one of {7124 (78 + 744+ 2), 72 4472 + (73 + 74 +2),
473 4+ (8 4+ 74+ 2), 473 + 472 4 (78 4+ 7% + 2)} is divisible by p!?
4iff p? || 8+ 71 42

if p || 7* + 2 then s = 4

2iff p13 | 712 4 47° + 472 + 78 + 2 00 712+ 477 + 71 42
3 otherwise
2iff p3 | 473 4 74 4+ 2

3 otherwise

if p10 || T4+2thens:{

if ptt || T4+2then$:{

if pt2 || 74+ 2 then s = 3
if p13 | 74 4 2 then s = 2.

Proof. Proof will be a case by case analysis.

Case 2.5. p° || 7% + 2.

By Lemma 2.2 we know that s > 3. We have previously mentioned that a sum of fourth powers
must have an even number of not divisible by p fourth powers to be congruent to 0 modulo p'3. If
the number of fourth powers not divisible by p is even and not divisible by 4, then such sum is equal
either to 2 or 7* + 2 modulo p°. Both of those elements are nonzero modulo p%, hence cannot vanish
modulo p'2. As a consequence, we will consider good sums with the number of not divisible by p
summands equal to 4.

In the previous lemma we have computed all possible remainders of such sums modulo p'3, except
for sums of the form A+ B. Any element of the aforementioned sum will have an element 272 € pb\p”.
The other terms which are not divisible by p” are 74 and 2, but p® || 7* + 2. Hence, such sum cannot
vanish modulo p'3.

Let us recall all possible sums of four fourth powers modulo p'? of elements not divisible by p,
except for elements of the form A + B of interest to us:

4)

12 4 4,

21t 4472 4+ 4,

T2 4+ 270 4473 1 4,

7124 976 4 o7% 443 4 472 + 4,
8 4+ 4,

T2 48 ort 442 4 4,
84270 427t 443 4472 4 4,
T2 48 4276 4413 + 4,

276 + 473 4 4,

8+ 2r% 4472 4+ 4,

T2 478 4270 4 270 + 473 44?44

We have p? || 2(71 +2) =271+ 4 and p10 || (77 +2)2 = 8 + 471 +4 = pl%| 7% + 4. Simple
calculations shows that the only element from the above list which can be congruent to 0 modulo p'?
is 712 4 78 + 279 + 473 + 4. Hence, we have s = 3 if and only if p'3 | 712 + 78 + 276 4473 + 4.

As a next step, we would like to focus on the situation s > 3. Let us begin with good sums with 5
summands where we add one fourth powers divisible by p to the four summands of the form A + B.
By a similar discussion as before, no such sum can vanish modulo p'3.

Consider now adding a single fourth power divisible by p to the elements of the set D. If this fourth
power has an odd number of 74 then such element cannot vanish modulo p'3. This is shown by a simple
calculation. Hence, we are left with the following set of fourth powers {78, 72 + 78 712}, The only



element of D which can be divisible by p'2 is 7124784276 4-473+4. Hence, if p'? || 712 +784+275+473 44
then after adding 7'? we indeed obtain sum of 5 fourth powers which vanish modulo p'3. Note that
the above is equivalent to p? | 78 4+ 276 4+ 473 4 4.

If we choose to add 78 or 7!2 4+ 78 then the possible candidates from D have to have and odd
number of summands from p® \ p°. If such element has 3 summands in p® \ p°, namely 78, 274, 4 |
then after adding 78 we have 27 = 712 (mod p'?) and p? || 27* + 4. But now, such sum does not
posses other elements belonging to p? \ p'®, hence is nonzero modulo p'°.

In order to check all possibilities, we need to add 78 or 712 + 7% to element from D with only one
summand in p8\ p?. There four such elements, 4, 712 4+4, 7124276 4473 14, 279 + 473 + 4. Because
p'0 || 78 + 4 we are left with 72 + 276 4473 44 and 275 4+ 473 +-4. After adding 7° or 712 + 78 to them
we get either 712 4+ 78 4276 4+ 473 + 4 or 78 4276 + 473 + 4. If the remainder 712 + 78 + 276 4473 +4
is congruent to 0 modulo p'3, then s = 3, by the previous discussion. Hence, s = 4 if and only if
pB3 | 78+ 275 + 473 + 4.

To determine when s = 5, we will add sums of two fourth powers divisible by p to elements from D.
Similarly as before, we only need to consider elements with even number of 7¢. We get the following

78, 2 4 78, 7'12, 27’4, 2 4 27’4, 8+ 275 + 274,
First three elements can be achieved by adding a single fourth powers, hence we omit them. Straight-
forward calculation shows that modulo p'® we able to obtain following elements

7'12—1—7'84—47'24—4, 78—1—473—1—472—1—4, 84472 4+ 4.

If s > 4 then p { 712 + 78 + 276 4 473 + 4 and p'3 § 78 + 275 + 473 + 4 which implies p'? ¢
78 + 270 + 473 + 4. Because p'¥ || 78 + 4 for the former to be true we have to have p'? | 78 + 276 4 4.
Since pt! || 272(7* +2) = 275 + 472 we get p!! || 78 + 270 + 44 (276 +472) = 78 + 472 + 4 modulo p'3,
thus the only remainder that can be congruent to 0 in this case is 78 + 473 + 472 + 4. Hence, s = 5 if
and only if p!3 | 78 4+ 473 4+ 472 4 4.

If s > 5 then 784473447244 does not vanish modulo p'3, and we have still have p'? | 78 +275 +4,
since s > 4. We have p'! || 276 + 472 = 272(7* + 2), and p!! || 78 + 472 + 4, which combined with
p3 1 78 + 473 + 472 + 4 gives p'? || 78 + 473 + 472 + 4. Furthermore, adding (73)? to this sum gives
a good sum of seven fourth powers which is 0 modulo p'3, hence the fourth level is equal to 6. This
finishes proof of the first case.

U

Case 2.6. p5 | 7%+ 2.
Note that 712 = (7% +2)2 = 78 + 47% + 4 (mod p'3) implies 78 + 4 =0 (mod p'3). Hence

T+ 4+ (r+2+2 4+ 10442 = (4 462 + AT + 1)+

(712+78+3T4+473+272+4T+1)+2ET8+4EO (modp13).

This implies s < 3. Consider now sums of two fourth powers not divisible by p. If such sum vanish
modulo p'3, then it has to have a summand in p®\ p” since 7¢ +2 € pb\ p”. By Lemma 2.4 there are
four such sums i.e. the ones from the set A. Using 276 4+ 472 = 272(7* + 2) = 72 (mod p'?) we can
transform them into the following:

Ay =413 4472 41 4+ (74 + 272 4+ 2),

Ay =41 + (T* + 1)(7" + 27° + 2),

Az =41 + (r* + 272 + 2),

Ay = 47° +47% 41 + (71 + 1)(71 4 277 4 2).

Hence, s = 1 if and only if at least one of the above elements is congruent to 0 modulo p'3.
Consider now the good sums having 3 elements. Now no sum of the form: element from B with
a fourth power divisible by p can vanish modulo p'3, because no sum in B has a summand in p&\ p7,
hence 74 + 2 cannot be reduced. Now we will consider adding a fourth power divisible by p to the
sums Aj, Ao, A3, A4. Similarly as before, fourth power divisible by p has to have an even number
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of 7. This leaves us with three possible fourth powers {78 72 + 78 7121 Again, by considering
cases, simple computation shows that such a sum is congruent to zero modulo p'? if either for some
i=1,2,3,4 A; € p'2\ p'3 or for some i = 1,2,3,4 A; + 78 is divisible by p'2. The proof of this case
is done.

Case 2.7. p” || 74 + 2. We have:

(PB4 1M =248 4 4= 440 1 4= (7" 4+2)2=0 (mod p'?)

thus s < 4. Application of Lemma 2.4 finishes the proof.

Case 2.8. p® || 7% + 2.

By construction from the case 2.7 and Lemma 2.2 we get 2 < s < 4. In this case we will make
use of the sets A and B. In order to obtain s = 2 we have to add a fourth power divisible by p to
elements from A or B. If we add such an element to element from A, then the resulting sum will be
either in p* \ p® or p® \ p”. Again, every element from B has an even number of 74, hence the fourth
power we are adding has to have an odd number of 74 and this leaves only 74 or 78 + 276 + 7. Notice
that 274 +4 =712 =278 = 78 4+ 27% (mod p!3) = 78 = 27* = 4 as well as 275 = 472 (mod p*?).
Using those properties we can simplify the elements of B:

2

21t 472 4+ 2

7124976 4473 49

712 41976 L 274 4 A3 4 472 4 2

2,

8447242

TR 443 4472 42
T2 478 473 42

8492 842
T2 4+ 78 4270 4472 4+ 2 472 42
8420 2t 43 472 42 473 + 2

712 4+ 78 4270 + 473 4+ 2 T2+ 78 4 4rd 4472 4+ 2

When we add either 74 or 78 4275 4+ 74 to each of the above remainders, we see that the only elements
which can possibly vanish modulo p'3 are the following:

(T8+T4+2), 47‘2—|—(7'8+T4+2), T12+4T3+(T8+7’4+2), 712—|—47’3+47’2+(7’8+T4+2).

Hence, s = 2 if and only if at least one remainder from the above set is 0 modulo p'3.
Using the properties 78 = 274 = 4 and 275 = 472 modulo p'3 let us rewrite the elements of A:

A4+ 4r3 672+ 47+ 2
2 7 4672 47+ 2
T2 4744272 447 + 2
A4 272 47 4+ 2

T4 443 4 612+ 47+ 2

84+ 278 + 374 4272 4 47 4+ 2
7124270 4 71 4 67 4 47 + 2

T2 48 134 43 4272 4 47 4+ 2

Consider now good sums of four fourth powers. Clearly, every such sum has to have 4 as a
summand. Even more, every such sum which can be congruent to 0 modulo p'? is also congruent to
0=72+2r% =724+ 78 4 (mod p'3). Sums of four fourth powers not divisible by p we already
considered in Lemma 2.4, and there is no sum of the form 7!2 + 78 + 4. As a consequence, no such
sum can vanish modulo p'3.

Hence, we have to consider a good sum of four fourth powers consisting of two elements not
divisible by p and two divisible. Again, a rather tedious calculation shows that no element of the form
A+ C can vanish modulo p'3. We are left with considering elements of the form B + C. Element
from C' which we are adding has to have an odd number of 7¢. Let us recall the possible remainders
from the set C.

7_8+7_4, 7_12_,'_7_84_7_47 712+T4, Tl2+27'6+7'4, 2T6—|—T4, 7_12+7_8_~_27_6_~_7_4.

Some of the above elements have a summand in p® \ p°, similarly as elements of B. If we add
two remainders with parity of summands in p® \ p?, the resulting sum cannot vanish because of the
presence of 74 4 2 which is in p® \ p?. We list the remaining possibilities below.
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24+ (847 = (¥ + 74+ 2),

24 (712 478 +T) 2 4 (18 4+ 74+ 2),
2—}—(7’12—1-7 4270 ) =712 4 472 4 (7B 4 +2)
(B 4+4m2 + )+ (T2 + ) =72 4 472 + (18 4+ 14 1+ 2),

(T8 +4r2 +2)+ (12 + 275 + 74 = 12—|—(7’ + 7144 2),

(78 + 472 +2) 28+ = (B + 11+ 2),

(T2 43 442+ )+ (B + ) =72 443 4 42 + (P8 + 74 + 2),
(TP 43 4 + 2) + (PP 78 47 )—47' + 477 + (18 + 71 4 2),
(T2 43 4472+ 2) + (712 + 78 4270 4 7 )—47' + (8 + 74+ 2),
(T2 + 78 +47% +2) + (12+r)—47 + (r* + 7 +2),

(712+T 43+ 2) + (T2 28 4+ ) =43 4 A2+ (PR T 4 2),
(T +T + 473 +2) + (276 —l—T) 12—0—47' 42+ (B4t 2),
(TP +2) + (2 + 1) =72 4 (7% + 71 +2),

(T 2) + (12 +27% +7%) =
(r®
(
(
(
(
(
(
(T
(
(T

12 4472 4 (8 4 74+ 2),
8 4+2)+ 2% + 7)) =472 + (8 411 1+ 2),
472 4 2) + (B + ) =42 + (P8 + 71 4 2),
A2 4 2) + (T2 4+ ) =712 44 4 (B 4 71 4 2),
A2 +2)+(712+78+276—|—T4)57'12—|-(7' + 7144 2),
A3+ 2) + (B + 1) =473 + (B + 1 + 2),
473 +2)+(7'12+7'8+7'4) T2 443 4 (B 4 74+ 2),
473 +2) + (T12+T +2r0 + ) =72 448 4 4 (PP 4 2),

TR A A2 4 2) + (72270 4 rY) =43+ (7 +r +2,

+2),

After removing any duplicates and those remainders which are zero if s = 2, we obtain that s = 3 if
and only if one of the following element is congruent to 0 modulo p'3

)

(r° )
2078 4434472 +2) + (712 4+ 14 )—47' + 472 +(7‘ + 7144 2),

(r® )

+ (78

R4 442+ 2) 4+ 210+ ) =712 1473 +

712+(78+T4+2), 712+472+(78+T4+2), 47'3—|-(7'8—|—T4+2), 47'3—1—47'2—1-(7'8—1—7'4—!—2).

One can easily check that if one of the above elements vanishes, then s > 2. Also, if s > 3, then all
of the above four remainders and all of the previous four remainders from case s = 2, are nonzero
modulo p'3. This implies that p? || 78 + 71 4 2 iff s = 4. Let us explain that.

Of course, p? | 78 +74+2. If p'9 || 78 + 74 + 2 then p!! | 472 + 78 47442, Tfp!t || 472 + 78 4 74 42
then the element 473 + 472 + 78 + 7% + 2 is either in p'2 \ p'3 or in p!'3, in both cases we get s = 3.
If p*2 || 472 + 78 + 7% + 2 then the element 7'2 + 472 4 (78 + 7% + 2) vanishes hence s = 3. If
p'3 | 472 + 78 + 7% 4+ 2 then s = 2.

If p' || 78 + 7% + 2 then either 473 + (78 + 7% +2) or 712 + 473 + (78 + 7% + 2) vanishes modulo
p3 and s = 3 or s = 2 respectively.

If p2 || 78 + 7% + 2 the 712 + (7% + 7% + 2) is congruent to zero and s = 3.

If p'3 | 78 + 7% + 2 then clearly s = 2. This finishes the proof of this case.

Case 2.9. p? || 74 + 2. This case follow directly from the construction in the case 2.7 and Lemma
2.4.

Case 2.10. p'? || 7* + 2. By Lemma 2.2 we have s > 2. In Lemma 2.3 we considered good sums
having 3 elements. Using 78 4+ 274 = 74(7* +2) = 0 and 275 = 472 (mod p'3) we recall elements that
possibly can vanish modulo p'3

a4t ot 2, P a4t 2

Hence, s = 2 if and only if one of the above remainders vanish modulo p'3

If s > 2 we have p'2 [y 472 + 74 + 2 and p'? |J 473 + 472 + 74 + 2. Either p'3 | 472 + 7% + 2 or
p'3 | 473 4+ 472 + 7% + 2. Hence, adding a fourth power (73)* = 712, we obtain a good sum of four
fourth powers which vanishes modulo p'3

Case 2.11. p'! || 7% + 2. Similarly as before, we have s > 2. Additionally, the following is true
84274 = 0 and 27% = 472 modulo p'3. Consider now good sums of three fourth powers from Lemma
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2.4. After simplifying, we see that there is only possible remainder which can vanish modulo p3—
473 4 7% 4 2. Hence, s = 2 if and only if the aforementioned element vanishes.

If s > 2 then p'? || 473 + 7% + 2. Adding a fourth power (73)* = 712 yields s = 3.

Case 2.12. p'?2 || 74 +2. We have (73)* + 7% +2-1* =0 (mod p'3), so s < 3. By Lemma 2.3 we
have s > 2.

Case 2.13. p!3 | 72 + 2. We have 74 +2-1* = 0 (mod p'3), so s < 2. By lemma 2.2 we have
s > 1. This finishes the proof.

3 Computation of s4(K,)

In this section, we will compute lower bounds for the fourth level of biquadratic number fields of the
form K = Q(y/m,/n) for m,n € Z. Let us note that there is another square root in this field. Let
d = ged(m,n) and k = 3, then Vk € K. By the [6, Exercise 2.42] we know how does the integral
basis of Ok look like in biquadratic case. We will describe the general construction which will allow
to determine how does the ideal (2) factorizes in Ok. For K as above, its ring of integers O is of
the following form

O =7Z®aZ ® YLD cZ

for some a,b,c € K. If the elements a,b, c are explicitly given, then we may represent in this form
each of the element a?, b?, ¢2, ab, be, ac. To be precise, each of the above elements can be expressed as
a linear combination of a, b, c with integral coefficients. With this, we are able to explicitly represent
Ok as a quotient ring Z[x,y, z]/I, where I is the ideal generated by 6 linear combinations, when we
replace a with x, b with y and ¢ with z. We have obtained isomorphic rings with the isomorphism
being the above identification.

Let us now discuss how to obtain factorization of the ideal (2) in O. Consider the quotient ring
of Zlx,y, z]/I divided by (2). By the isomorphisms theorems this ring is isomorphic to Fa[z,y, z]/1,
where Fy is the field with two elements and I is the ideal I with coefficients reduced modulo 2, and
additionally to Ok /(2). This is a finite ring with 16 elements and explicit calculations are possible.
Hence, if we have I, it is a finite task to determine how does the ideal (2) factorizes. We will often
denote by I the ideal of coefficients already reduced modulo 2. Up to rearranging the numbers n, m, k
we get 4 cases with some subcases.

We will now prove the second main result of the paper:

Theorem 3.1. Let m,n be two square free integers. Let K = Q(y/m,+/n), p | (2), d = ged(m,n),

k = "3, Denote by s = s4(Ky). Then (up to rearrangement of m,n, k)

(1if32|n+k and 2 =15 (mod 16)
or 16 || n+k and @ =7 (mod 16)
ifm=3n=k=2 (mod4) then s =< 2if32|n+k and £ =7 (mod 16)
or16 | n+k and%"’zw (mod 16)
3if8 | ntk

4 ifm=1 (mod 8)

ifm=1,n=k=3 (mod 4) then s = _
2ifm=5 (mod 8)

6 if m=1 (mod 8)

ifm=1,n=k=2 (mod 4) then s = ‘
2ifm=5 (mod 8)

15ifm=n=k=1 (mod 8)

ifm=n=k=1 (mod 4) then s = .
2 otherwise.
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Proof. Again, proof will be a case by case analysis. Moreover some computations were conducted
in Macaulay2, especially when we need to explicitly know the structure of finite rings and its prime
ideals.

Case 3.1. m=3,n=k =2 (mod 4) and the basis of Ok is {1, /m,/n, ‘/ﬁ;\/%} ={1,a,b,c}.
We start with representing the following elements as integral linear combinations of the basis:

a?=m =1 (mod 2)

b2 =n=0 (mod 2)

=1tk I /m=a (mod 2)
ab=dVk = 2d- Y5 _ 4. /m = b (mod 2)
ac:wzd-ﬁ%ﬁ+¥\/ﬁzc+b (mod 2)

bc = n+%\/m =1+a (mod 2).

In the above calculations, we have used the fact that 8 | n + k. If this is not the case then n = k
(mod 8), but n =k =22 (mod 8) = d? =m =3 (mod 4) a contradiction.

We have obtained the ideal I = (22 +1, 42, 22+, zy+y, 2 +2+vy,yz+1+2) with already reduced
coefficients modulo 2. constructed from the above remainders modulo 2, we have that Fa[z,y, z]/I =
Ok /(2). Using the calculator Macaulay2 we will find prime ideals P, ..., P, of Fo[z,y, z]/I and check
what is the smallest power «, so that (P;--- P,)® = (0). This will imply that I = (P;--- P.)® and
(2) = (p1---pr)®. By the introduction, we know what are the possible factorizations.

We will now proceed with computations in Macaulay2. At the very end we present first case on
how we did it. Hence, in order to shorten the paper we will avoid repeating the code in each case.

For the ideal I we get that the ideal J = (z + 1,5,z + 1) is prime with J2 = (z + y + 1,2 + 1),
J? = (z+y+1)and J* = 0 all in Fy[z,y,2]/I. Here, x,y,z of course denote their corresponding
images in the quotient ring. J* = 0 implies (2) = p*, hence e =4, f = 1in K. We have z +1 € J
and z + 1 & J? hence, as the generator of p we may take c+ 1 =7 € p \ p?. Now, using 7 = ¢ + 1,
¢ = a and a® = m = 3 (mod 4) we have to check which case from Theorem 2.5 we can apply. See
that 74 = (c+ ¥ =t +43 4+ 62 +4c+l=ct+22 +1=(2+ 1) =(a+1)?=a’>+2a+1=2a
(mod 4 = p®). Thus 7 +2 = 2(a+1) (mod 4 = p®). Now z +1 € J? and = + 1 ¢ J3 implies
pPlatl = po| 7% +2.

By Theorem 2.5 the fourth level s depends on remainders modulo p'? of the following:

Ay =43 4+ 472 A1+ (7 + 272 4+ 2),

Ay =41 + (r* + 1) (7" +27° + 2),

Ay =41 + (1* + 272 + 2),

Ay =47° +47% 41 + (71 1)(71 4 277 4 2).

Computation of Ay, Az, A4 will be based on the value of A;.
42 12 =(c+ D 42+ 1) +2=ct+43 482 +8c+5=c'+4E +8a+8c+5  (mod p'?),

A3 4472 4 47 = 4¢3 + 1662 + 24c+ 12 = 4¢3 + 8¢+ 12 (mod p'?)

k)?* nk  G(n+k
— Ay = 4734 A+ (71272 42) = 8P+ 8a+ 1 = ml—i_6)+z+w+8(c+b)+8a+l
k?  nk  Gnt+k
EM+£+M+1 (IHOdp13).

16 4 4

In the last congruence we used the fact that 8(a + b+ ¢) = 0 (mod p'?), and this follows from
(a+b+c)=(a+b+c)+(a+b+1)=c+1=0 (mod p). We now have 2 cases:

1° 16 | n + k. In this case %&£ = 7 (mod 8) and A; = £ + %(nik)a + 1 (mod p'?), hence A; =
7+3% 41 =0 (mod 8 = p'?). This readily implies p? || 74+ 272 4 2. This on the other hand implies
Ap = Ay, Ay = Az (mod p'3). We have Ay = Ay + 472 + 473 (mod p'3) which implies that p'® || As.
This gives that the value of s depends only on A; (mod p'3) - if Ay =0 then s = 1 and if not, then
p'? || A1, so s = 2 in this case.
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If32 | n+k and £ = 15 (mod 16) or 16 || n+kand 2k =7 (mod 16) we have 41 =15+ 1=0
(mod p'3) or A1 =7 —l— 8a+1=8(a+1) (mod p'?), respectlvely In both cases we get s = 1.

If32|n+kand 28 =7 (mod 16) or 16 || n + k and “£ = 15 (mod 16) we have p'? || Ay, hence
5= 2.

2° 8 || n+k. In this situation we have £ = 3 (mod 8). Also, A =4+3+4a+1=4a (mod 8 = p'?).
Since a € p we have p8 || A;. This implies that p® || A; for i = 2,3,4. By Theorem 2.5, to determine s
we need to check if any of {A; + 78, Ay + 78, A3 + 78, Ay + 78} is congruent to 0 (mod p'? = 8). We
have the following chain of congruences:

P =(c+1)¥=(+2c+ D) =+ 1+29)=(a+1)?
=a'+4a® + 60> +4a+1=m?+4a(m+1)+6m+1=1+18+1=4 (mod 8).
Furthermore, since a + 1, a + b+ 1 ¢ (2) we obtain
A+ =4a+4=4(a+1)#0 (mod 8),
Az + 78 = A+ 8+ A2 +4rd =da+ 44+ 4(c + 1)% + 4(c + 1)° = da + 4¢3 + 16¢2 + 20¢ + 12

=4da+4(c+b)+4c+4=4(a+b+1)#0 (mod3R).
Also Ay = Ay and Ay = Az (mod 8 = p'2), because p® || 7* + 272 +2 . Hence s = 3 by Theorem 2.5.

Case 3.2. m=1,n =k =3 (mod 4) and the basis of Ok is {1, IJB/R, Vn, ‘/E;\/E} ={1,a,b,c}. As
before we calculate:

a2:mT71+1+ﬁanr1+a(mod2)

b =n=1 (mod 2)

¢ = mtht2vnk _ nik 4 L/m = == 2d+d LV — 4 or 14 a (mod 2)
ab_\F*d‘f d- ﬁ*‘/E — L m=corc+b (mod 2)

ac = \F+f+df+mf dgl-f%f—i-(dT)\/ﬁEb—l—corcorborO(mod2)

bc:n+ \/> ";E H.H'%/azaorl—ka(mon).

The ’or’ in a* depends on m (mod 8). The ’or’ in ¢* depends on n + k — 2% (mod 8). The ’or’-s in
ac depend on m (mod 8) and d (mod 4) and the remaining cases depend on d (mod 4). Note that
k =mn (mod 8), so by d (mod 4) and m (mod 8) we can compute n+k—22 =n+k—23 (mod 8).
If m =1 (mod 8), then n = k = 3 (mod 4) and &k = mn = n (mod 8) glves n+k=6 (mod 8). If
m =5 (mod 8) then n+ k =2 (mod 8). Hence we have to check 4 cases.

(a) m=1 (mod 8),d=1 (mod 4) = n+k— 25 =0 (mod 8). Similarly as before, we obtain
an ideal I = (22 +z,y®> + 1,22 + o, 2y + 2,22 + 2,yz + x). Again, using Macaulay2 we get the
following data: ideals A = (z,y +1,2) and B = (2 + 1,y + 1,2 + 1) are prime and A? = (z,2 + 2, 2),
B?2=(x+lz+y+z+1), AB=(x+z,x+y+z+1) and (AB)?2 = 0. This all implies that
(2) = (p1p2)? hence e = 2, f = 1. Also, note that y+1€ Aand y+1 ¢ A% hence b+1 =7 € p; \ p?
and by Theorem 1.3 s = s4(Kp,) depends on 72 = (b+ 1)? (mod p}). We have n = 3 (mod p}) and
yEA — b=/n¢p.

Moreover, we have a chain of equalities and congruences (b+1)?2 = (Vn+1)2 =n+ 1+ 2y/n =
2y/n # 2 (mod p}). To justify this, see that there is an equivalence 2\/n =2b=2 <= 2(b+1)=0
(mod p7) which is does not hold since py || b+ 1, so by Theorem 1.3 we have s = 4 for Kj,. For py
the situation is the same since the extension K/Q is Galois.

(b) m =1 (mod8),d =3 (mod4) = n+k—25 =4 (mod 8). In this case we start with
I= 2?42,y +1,22+x+1, 2y +2+y, vz, yz+x+1) and we obtain prime ideals A = (z,y+1,2+1)
and B = (z+1,y+1, ) satisfying A2 = (z+1,24+2+1,2), B? = (z,v+y+2), AB = (z+2+1,2+y+2)
and (AB)? = 0. As before we have (2) = (p1p2)? = e=2, f=1land b+1=m € p; \ p} same

reasoning as in (a) yields s = 4.
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(c) m = (mod 8),d=1(mod4) = n+k—25 =4 (mod8). This time we have an ideal
I=@24+2+1,y2+1,22+2+1,2y+ 2,22+ 2+y,yz+ ) and a a single prime ideal J = (y+ 1,2+ 2)
satisfying J2 = 0. Hence, (2) =p? = e=2, f =2 = s =2 by Theorem 1.2.

(d) m =5 (mod 8), d =3 (mod4) = n+k—2% =0 (mod 8). Weget I = (22 +z+1,y°+
L,22 4+ 2,2y +2+y,22+y,yz+2+1) and a prime ideal J = (y + 1,2 + 2z + 1) satisfying J? = 0.
Thus (2) =p? = e=2, f=2 = s =2 by Theorem 1.2.

Case 3.3. m =1, n =k = 2 (mod 4) and the basis of Ok is given by {1, Hg/m,\/ﬁ, \/542”/%} =
{1,a,b,c}. As before, we calculate:

a2:mT_1+1+ﬁanrl+a (mod 2),
b’ =n=0 (mod 2),

k—22
c? :n+k+2\/7 n+k Qd\/7_ ”+4 d +d 1+%F_0 (mod 2)

ab = f+d\r—d ‘F+\f d21fzcorc+b(mod2),
ac = f+f+df+ f dgl'M—i-(?)\/ﬁEOorcorborc—kb(mod2),

bc:n+\ﬁ n;E @~1+ﬁ50(m0d2).

and all the ’or’-s in the above remainders depend only on m (mod 8) and d (mod 4), hence we have
to check 4 cases.

(a) m=1 (mod 8), d=1 (mod 4). We construct an ideal I = (22 + z,9?, 2? :Ey + z,xz + z,yz) and
obtain prime ideals A = (z,y,2) and B = (2,y,x + 1) satisfying A? = (z,z), B2 = (y + z,2 + 1),
AB = (y+2,2) and (AB)? = 0. Hence we have (2) = (p1p2)? = e =2, f = 1. Becausey € A, ¢ A?
(the same is true for py) we can take b = m € py \ p3. Then 72 = b = n = 2 (mod p}), hence by
Theorem 1.3 we have s = 6, for p; and ps.

(b) m =1 (mod 8), d = 3 (mod 4). We have I = (2? + z,9?, 2%, 2y + z + y,7z,y2) and two prime
ideals A = (z,y,z) and B = (z,y,x + 1) with A%2 = (y + 2, 2), 32 (z,x+1), AB = (y+ z,2) and
(AB)? = 0. As previously, we obtain (2) = (p1p2)? thus e =2, f = 1. Take b =7 € p; — p? (which is
also true for py). Same reasoning as in (a) shows that s = 6 for both prime ideals.

() m =5 (mod 8), d =1 (mod 4). We have I = (22 + x + 1,92, 2%, 2y + 2,22 + 2z + y,yz) and
a prime ideal J = (z,y) satisfying J? = 0. This gives (2) = p> = e =2, f = 2. Hence, s = 2 by
Theorem 1.2.

(d) m =5 (mod 8), d = 3 (mod 4). We have I = (22 +z + 1,92, 2%, 2y + 2z + y, 22 + y,y2) and
a prime ideal J = (z,y) satisfying J2 = 0. This gives (2) = p> = e =2, f = 2. Hence, s = 2 by
theorem 1.2.

Case 3.4. m =n =k = 1 (mod 4) and the basis of Ok is {1, 1+5/m, 1+2\/ﬁ,(1+§/m)(1+2‘/%)} =
{1,a,b,c}.

— 1
a2 m4 1 + +§/TTL’
b2 — n—1 + 1+v/n

-1  m+4d k—m m  1-—m +1
= RCE 5q T ozoat g b+ e
ab = "=+ 5%+ 5"b 4+ dc,
_ m—1 m+d 1-m m  1=m m+1
ac= " Mg tograt G b+ e
__m—1 n+td d_ 1-m d+1
be T og i a+ b+ Sc

Because k = "73* = mn (mod 8) we have to distinguish four cases:

(a)) m=n=k=1 (mod8). We have I = (22 + x,9> +y,2> + 2,2y + 2,22 + 2,y2 + z). Using
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Macaulay2 one can find four different prime ideals A = (z,y,x), B = (z,y,2 + 1), C = (z,y + 1, 2),
D= (z+1,y+ 1,z + 1) such that ABCD = 0. This implies that (2) = p1pap3ps. Hence for each p;,
1=1,2,3,4 we get e= f =1 and s = 15 by Theorem 1.1.

(bym=n=5, k=1 (mod 8). Modulo 2 we get:

a*=1+a,
b2 =1+b,
?=1+a+b+cora+b+e,

ab=1+corl+a+c,
ac=1+a+b+cora+b+ec,
bc=14+a+b+cora-+hb.

Where all the ’or’-s depend on d (mod 4).

Ifd=1 (mod 4) then I = (22 +1+x,9* +1+y, 22 +1+z+y+z,ay+1+z,22+1+x+y+
z,yz+1+x+y—+z) and using Macaulay2 we get prime ideals A = (z+1,y) and B = (y+1,z+2+1)
satisfying AB = 0. Hence (2) = p1ps = e=1,f =2 and s = 2 by Theorem 1.2.

Ifd =3 (mod 4) then I = (224 142z,y>+ 14y, 22 +xt+y+z, eyt l+atz,zztaty+z,yz+x+y)
and we get prime ideals A = (z,z +y) and B = (y + z + 1,z + 2) such that AB = 0. This implies
(2) = p1p2 hence, e =1, f = 2 and s = 2 by Theorem 1.2.

The last remaining cases: (¢) m = k = 5,n = 1 (mod 8) and (d) n = k = 5,m = 1 (mod 8)
follow directly from rearranging n, m, k. In both cases we have s = 2. O

Remark 3.2. In order to obtain the factorization of a given prime ideal (p) one usually starts with
the Kummer-Dedekind Theorem. Here, we have to find a different way since in almost all cases of
biquadratic fields such an extenstion will not be monogenic, hence the aforementioned theorem does
not apply.

4 Final remarks

In this article we only computed a lower bound for the fourth level of a very specific case of a quartic
number field. In general for any quartic number field we will have ef < 4 (for ramification index and
inertial degree of any prime ideal of the integer ring). From theorem 2.5 combined with the results
of [8], the fourth level of the p-adic completion is computed for every possible case of e and f. This
enables the computation of analogous lower bounds for any quartic number field, provided that the
integral basis is known.

Integral bases for Galois quartic number fields are known [1], but there are mistakes in the above
paper, hence it is not reliable (see [4]).

Let us mention the case s4(K) = 3. Using Theorem 3.1 we get s4(Q(v/—2,v/—6)) > 3, because
8 || =24 (—6). As it turns out, s4(Q(v/=2,+/—6)) is equal to 3. This is shown by the explicit formula

(m;\/jﬁy + (m;\/?G>4 + (\/—2 + 1)4 =+ (\/—2 — 1)4 = 0. It is an open problem, which values

can fourth level attain for fields (cf. [3]). Q(v/—2,1/—6) seems to be the first known number field
with fourth level equal to 3. Hence, we dare to formulate the following problem

Problem 4.1. Compute the possible values of s4(K) where K is a number field.

It is known that, if s4(K) is finite then s4(K) < 16 by the result of Birch (see [8]). So far, it is still
not known whether the fourth level can be equal to 5,7,8,9,10,11,12,13,14, 16 for number fields.
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Macaulay2, version 1.24.05-2230-g629880defb-dirty (vanilla)
with packages: ConwayPolynomials, Elimination, IntegralClosure, InverseSystems,
Isomorphism, LLLBases, MinimalPrimes, OnlineLookup, Polyhedra, PrimaryDecomposition,
ReesAlgebra, Saturation, TangentCone, Truncations, Varieties
i1 : k = Z2Z/2[x,y,2]

ol k

ol : PolynomialRing

i2 : I = ideal(x"2+1,y72,Z72+x,X*y+y,x*Z+z+y,y*Z+1+x)

02 = ideal(x"2+1,y"2,z"2+x,xy+y,xz+y+z,yz+x+1)

02 : Ideal of k

i3 : S = k/I

o3 =89S

03 : QuotientRing

i4 : J = ideal(x+l,y,z+1)

04 = ideal(x+1,y,z+1)

04 : Ideal of S

i5 : isPrime J

o5 = true

i6 : J°2

06 = ideal (x+y+1,x+1)

06 : Ideal of S

i7 : J°3

o7 = ideal(x+y+1)

o7 : Ideal of S

i8 : J°4

08 = ideal(0)

08 : Ideal of S
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